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Abstract

A review of some recent advances in zeta function techniques is given, in
problems of pure mathematical nature but also as applied to the computation
of quantum vacuum fluctuations in different field theories, and specially with
a view to cosmological applications.

PACS numbers: 42.50.Lc, 02.30.Gp, 11.10.—z

1. Introduction

Zeta function regularization methods are optimally suited for the calculation of the contribution
of fluctuations of the vacuum energy, of the quantum fields pervading the universe, to the
cosmological constant. Order of magnitude calculations of the absolute contributions of all
fields are known to lead to a value which is off by over hundred and twenty orders, as compared
with the results obtained from observational fits, which is known as the new cc problem. This
is difficult to solve and many authors still stick to the old problem to try to prove that basically
its value is zero with some perturbations thereof leading to the (small) observed result (Burgess
et al, Padmanabhan, etc). We have also addressed this issue recently in a somewhat similar way,
by considering the additional contributions to the cosmological constant that may come from
the possibly non-trivial topology of space and from specific boundary conditions imposed on
braneworld and other seemingly reasonable models that are being considered in the literature
(mainly with other purposes too). This kind of Casimir effect would play at a cosmological
scale. If the ground value of the cc would be indeed zero (and there are different hints pointing
out toward this), we could then be left with this perturbative quantity coming from the topology
or boundary conditions and, in particular it could be the fact that the computed number is of the
right order of magnitude (and has the right sign, which is also non-trivial) when compared with
the observational value. This is proven to be true in some of the aforementioned examples. A
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further step in this approach would be to consider the so-called dynamical Casimir effect or
Davies—Fulling theory. Although there is no clear understanding of how it should be applied
in cosmology, some considerations regarding its correct renormalization at laboratory scales
have been made recently and we will refer to them later.

The ones above are the physical issues we would like to address ultimately. This needs first
the heavy mathematics of zeta functions. They will be presented in the first part of this work
in fair detail. The paper is organized as follows, in correspondence with the material presented
at the Conference. As a tribute to the actual discoverer of the zeta function, namely Leonhard
Euler, in this Celebration Year, section 2 recalls some essential points that lead him to introduce
this function—widely considered to be the most important function in Mathematics—with a
quick view over the many extensions of that concept in the following centuries. In section 3
we describe how the concept of the zeta function of a pseudodifferential operator has become a
decisive tool for the regularization of quantum field theories, in special in curved spacetime, as
clearly realized by Hawking. This is exemplified in section 4 through the regularization of the
vacuum fluctuations of a quantum system, under some boundary conditions, with a reference
to the case of the dynamical Casimir effect (moving boundaries), where regularization issues
are particularly involved. Finally, section 5 is devoted to the possible applications of these
results in cosmology, concerning the dark energy issue.

2. Euler and the zeta function

There are beautiful accounts of how Euler discovered the zeta function (see, e.g. [1, 2]). The
harmonic series,
— LA I U RIS A
H=1+5+3+7;+5+¢+ -, (D
was well known to have an infinite sum. Euler asked himself about the ‘prime harmonic series’
_ | S G |
PH=1+5+3+z+5+q+ ", 2)
is it finite or infinite? It is a fact that one cannot split the first series into two, one of them
being the second, as
T R | O U
(I+3+3+3+3+)+(G+e+g+g++ ") 3)
and try to show that the second is finite (what would mean the first part is infinite). So Euler

considered the function
(s) 1+1+1+1+1+ “4)
s) = JE— JE— JE— JE—
; 2S 3S 4S 55

Provided s is bigger than 1, one can certainly split it up as

1 1 1 1 1 1 1 1 1
(1+—+—+—+—+~~>+<—+—+—+&+ +> 5)

45 65 8 108
Now the idea is to prove that when s approaches 1 the first sum becomes divergent. Thus this
power s was very useful.

Making things short, a key step in the whole argument is the celebrated factorization of
the whole zeta function in terms of prime numbers, namely

1 1 1 1 1
L(s) = X X X X X oo
1—-1/2s 1-1/3 1-1/5% 1-1/7% 1-1/11¢

This comes from the fact that for any prime p and any power s > 1, setting x = 1/p* one has
the geometric series

L =1+ ! + ! + ! + @)
1_1/p3 ps p2s p3s

(6)
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Euler multiplied together these infinite sums to express his infinite product as a single infinite
sum as

1
kis Ky ? 3
pl PP pn
with py, ..., p, being primes, ki, ..., k, being the positive integers, each such combination

occurs exactly once and the rhs is just a rearrangement of ¢(s). It is widely recognized
nowadays that Euler’s infinite product formula for ¢ (s) marked the beginning of the analytic
number theory.

Dirichlet modified the zeta function introduced by Euler. Primes were separated into
categories, depending on the remainder when divided by k:
:x(1)+x(2)+x(3)+x(4)+m’ ©)

1S 2S 3S 45
where x (n) is a special function now known as a Dirichlet ‘character’ that splits the primes
in the required way. It satisfies the conditions

L(s, x)

(i) x(mn) = x(m)x (n), for any m, n;

() x(n) = x(n+k),Vn;
(i) x(n) = 0, if n, k have a common factor;
@iv) x(1) = 1.

Any function L(s, x), where s is a real number bigger than 1 and x is a character, is known
as a Dirichlet L-series. The Euler zeta function is the special case with y (n) = 1 for all n,
another example being x (n) = u(n) (the Mobius function).

A very crucial generalization, introduced by Bernhard Riemann, was to allow s and x (n)
to be complex. The celebrated Riemann zeta function, subsequently extended by Hurwitz,
Lerch, Epstein, Barnes, etc increased the number and importance of the zeta function concept
decisively. Many results about prime numbers were proven and L-series provide still now
a powerful tool for the study of the primes. We should mention for completeness that the
concept of the zeta function has yet been much more extended, first to the concept of the zeta
function of a pseudifferential operator (as we are going to see next), but also to the orbits and
trajectories in dynamical systems, under the form of the Selberg zeta function, the Ruelle,
the Lefschetz zeta function and many others that lie outside the scope of this brief summary
(Arakelov geometry is one of the most active developments right now). In [2] a directory of
all known zeta functions can be found (there is even one named after the author of the present
article, see also Keith Devlin’s account there).

3. The zeta function of a pseudodifferential operator

A pseudodifferential operator A of the order m on a manifold M, is defined through
its symbol a(x, &), which is a function belonging to the space S™(R" x R") of C*
functions such that for any pair of multi-indices «, 8 there exists a constant Cy g so that

|8§‘ 8fa(x, é‘)| < Cop(l+(E [y~ The definition of A is given, in the distribution sense, by

AF() = @) / S Ela(x, £) f(€) de, (10)

f is a smooth function, f € S, recall S = {f € C®®R"); sup, [x#3* f(x)| < o0, Va,
B € R"}, S being the space of tempered distributions and f is the Fourier transform of f.
When a(x, &) is a polynomial in & one gets a differential operator. In general, the order m
can be complex. The symbol of a WDO has the form a(x, §) = a,,(x, &) + a1 (x, &) +--- +

3
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An—j(x, &)+, being ax(x,§) = by (x)&*. The symbol a(x, &) is said to be elliptic if it is
invertible for large |£| and if there exists a constant C such that |a(x, £)~!| < C(1 +|&])™",
for |£] > C. An elliptic DO is one with an elliptic symbol.

Pseudodifferential operators [ DO] are useful tools, both in mathematics and in physics.
They were crucial for the proof of the uniqueness of the Cauchy problem [3] and also for
the proof of the Atiyah—-Singer index formula [4]. In quantum field theory they appear
in any analytical continuation process (as complex powers of differential operators, such
as the Laplacian) [5]. And they constitute nowadays the basic starting point of any rigorous
formulation of quantum field theory [6] through microlocalization, a concept that is considered
to be the most important step toward the understanding of linear partial differential equations
since the invention of distributions [7].

3.1. Definition of the zeta function

Let A be a positive-definite elliptic WDO of the positive order m € R, acting on the space
of smooth sections of E, an n-dimensional vector bundle over M, a closed n-dimensional
manifold. The zeta function ¢4 is defined as

s —s n_

Ca(s) =trA _;x‘ , Res > — =5, (11)
where 59 = dim M/ ord A is called the abscissa of convergence of {4(s). Under these
conditions, it can be proven that ¢4 (s) has a meromorphic continuation to the whole complex
plane C (regular at s = 0), provided that the principle symbol of A (that is a,, (x, §)) admits
aspectral cut: Ly = {) € C; Argh = 0,0, <6 < 6}, SpecA N Ly = @ (Agmon—Nirenberg
condition). The definition of 4 (s) depends on the position of the cut Ly. The only possible
singularities of {4 (s) are poles at s, = (n — k)/m,k = 0,1,2,...,.n —L,n+1,.... M
Kontsevich and Vishik have managed to extend this definition to the case when m € C (no
spectral cut exists) [8].

3.2. WDOs on boundaryless manifolds

Let M be a compact n-dimensional C* manifold without a boundary, E a smooth Hermitian
vector bundle over M, A a positive WDO of positive order m in E, elliptic and selfadjoint
(admissible). The operator e 4, namely e "4 : f > u, is the solution operator for the heat
equation: d,u + Au = 0, with initial value u|,_y = f.

This operator is traceclass V¢ > 0, and as ¢ | 0 it satisfies

oo [o.¢]
e ~ Y o (AT 4 Y B(A)  logr. 2
j=0 k=l

By Mellin transform

1 * )
Cals) = m/o e A de, (13)

¢a(s) has a meromorphic extension with only possible poles at s; = (n — j)/m, j € N, at
most simple at s; ¢ —N, and at most double at s; € —N. Moreover,

oj(A) = Res;—;; T'(5)Ca(s), Bi(A) = Resy— k(s + K)[(s)8a(s)  (14)
The asymptotic expansion of the heat kernel determines the pole structure of ¢4 (s) and vice
versa. (i) If A is a differential operator, then o;(A) =0, j odd, B (A) =0,Vk. () If A >0
one still has the same results, but now for A— KerA (subtract DimKer to the residue at 0). (iii)
If s; € N, then o (A) is not locally computable [9, 10].

4
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3.3. The zeta determinant

Let A a WDO operator with a spectral decomposition {¢;, A;};c;, Where [ is some set of
indices. The definition of determinant [12] starts by trying to make sense of the product
[1;c; *i» which can easily be transformed into a ‘sum’: In[[,., A; = >_,.,InA;. From the
definition of the zeta function of A: {4(s) = > ., A; ", by taking the derivative at s = 0:
$4(0) = =", ., InA;, we arrive at the following definition of determinant of A [11]:

det; A = exp[—¢4 (0)]. (15)

An older definition (due to Weierstrass) is obtained by subtracting in the series above (when it
is such) the leading behavior of A; as a function of i, as i — oo, until the series Zi o Ind;is
made to converge. The shortcoming here is—for physical applications—that these additional
terms turn out to be non-local in general and, thus, they are non-admissible in a renormalization
procedure [13].

In algebraic QFT, in order to write down an action in the operator language one needs a
functional that replaces integration. For the Yang—Mills theory this is the Dixmier trace, which
is the unique extension of the usual trace to the ideal £1-° of the compact operators 7 such
that the partial sums of its spectrum diverge logarithmically as the number of terms in the sum
on(T) = Z;‘V;()] nj = OUogN), o = 1 = --- The definition of the Dixmier trace of T is
Dtr T = limy_ o @GN(T), provided that the Cesaro means M (0 )(N) of the sequence in

N are convergent as N — oo [remember that M (f)(A) = 5 |, 1)\ f(u)44]. Then, the Hardy—
Littlewood theorem can be stated in a way that connects the Dixmier trace with the residue of the
zeta function of the operator 7! at s = 1 (see Connes [14]): Dtr T = lim,_, 1+ (s — 1)¢7-1(s).

3.4. The Wodzicki residue

The Wodzicki (or noncommutative) residue [15] is the only extension of the Dixmier trace
to the WDOs which are not in £>, It is the only trace one can define in the algebra of
WDOs (up to a multiplicative constant), its definition being res A = 2 Res,;—¢ tr(AA~*), with
A the Laplacian. It satisfies the trace condition: res (AB) = res (BA). A very important
property is that it can be expressed as an integral (local form) resA = f gy Ta—n(x,§)d§
with S*M C T*M the co-sphere bundle on M (some authors put a coefficient in front of the
integral: Adler—Manin residue).

Ifdim M = n = — ord A (M compact Riemann, A elliptic, n € N) it coincides with
the Dixmier trace, and one has Res;—; £4(s) = % res A~!. The Wodzicki residue continues to
make sense for WDOs of arbitrary order and, even if the symbols a;(x, &), j < m, are not
invariant under coordinate choice, their integral is, and defines a trace. All residua at poles of
the zeta function of a WDO can easily be obtained from the Wodzciki residue [16].

3.5. Singularities of ¢

A complete determination of the meromorphic structure of some zeta functions in the complex
plane can also be obtained by means of the Dixmier trace and the Wodzicki residue. Missing
the full description of the singularities in the above is just the residua of all the poles. As for
the regular part of the analytic continuation, specific methods have to be used (see later). It
can be proven that, under the conditions of existence of the zeta function of A, given above,
and being the symbol a(x, £) of the operator A analytic in £~ at £~! = 0, it follows that

1 1
Res,—;, {a(s) = —Tes A7 = — tra_(x, &)d" ', (16)
m m S*M
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The proof is rather simple and it can be obtained by invoking the homogeneous component
of degree —n of the corresponding power of the principle symbol of A, obtained by the

appropriate derivative of a power of the symbol with respect to £ ! at £~! = 0, namely
3 \*
a8 =) ") e a7
9! 1z

Then the proof follows constructively, by easy algebraic manipulation.

3.6. The multiplicative anomaly and its implications

Given A, B and AB WDOs, even if ¢4, ¢p and {4p exist, it turns out that, in general,
det;(AB) # det, Adet; B. The multiplicative (or noncommutative) anomaly (or defect) is
defined as

det;(AB)
det, Adet; B
Wodzicki’s formula for the multiplicative anomaly [15, 17, 18]:
res {[Ino (A, B)]?}
2ord A ord B(ord A + ord B)’

At the level of quantum mechanics (QM), where it was originally introduced by Feynman,
the path-integral approach is just an alternative formulation of the theory. In QFT it is much
more than this, being in many occasions the actual formulation of QFT [19]. In short, consider
the Gaussian functional integration

3(A, B) =1n|: :| = —245(0) + 2, (0) + £5(0). (18)

8(A, B) = o (A, B) := A0rd B g—orda (19)

f[d@]exp{—dex[q>T(x)()q>(x)+---]} —> det()*, (20)

and assume that the operator matrix has the following structure (each A; being an operator):

Al A A
<A3 A4)_)( B)’ @D

where the last expression is the result of diagonalizing the operator matrix. A question now
arises. What is the determinant of the operator matrix: det(AB) or det A - det B? This issue
has been very much on discussion [20, 21].

It is difficult to give a general answer to this question, that is, if it is possible to give a
universal rule on how to choose the right prescription, and if one can do so on mathematical
grounds only, without invoking any physical arguments. To start, we should not forget that
the issue at hand at this level is regularization. This means, for one, that there may well be
different regularized answers that lead, after the corresponding renormalization prescription
in each case, to the same renormalized, physically meaningful result. But the renormalization
process will generically mean entering into the physics of the problem in order to choose
the right criterion. Thus, the answer can in general only be given for the particular example
considered. There is no space here in order to enter into a more detailed discussion [20, 21].

Let us just summarize by pointing out the following. First, that a number of serious
mistakes and wrong results have appeared in the literature because of forgetting about the
multiplicative anomaly. Second, that the Wodzicki formula provides a very convenient and
precise way to calculate the anomaly. Third, that this anomaly turns often to be physically
meaningful, since it usually (but of course not always) happens that the two different
regularized results obtained do indeed lead to two different results after renormalization
[20, 21] (therefore the errors that have been committed in the literature, even after going through

6
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the whole process of regularization/renormalization in a seemingly clean way). Fourth, we
know of no mathematically sound prescription in order to choose the good regularized answer
for the determinant, in general. Maybe a better answer to this issue may be given, but it will
require further investigation.

3.7. On determinants

Many fundamental calculations of QFT reduce, in essence, to the computation of the
determinant of some suitable operator: at one-loop order, any such theory reduces in fact
to a theory of determinants. The operators involved are pseudodifferential (W DO), in loose
terms ‘some analytic functions of differential operators’ (such as +/1 + D or log(1 + D), but
not log D). This is explained in detail in [22]. It is surprising that this seems not to be a
main subject of study among mathematicians, in particular the determinants that involve in
its definition some kind of regularization (related to operators that are not trace-class). This
piece of calculus falls outside the scope of the standard disciplines and even many physically
oriented mathematicians know little about this. The subject has many things in common with
divergent series but lacks any reference comparable to the book of Hardy [23]. Actually, this
question was already addressed by Weierstrass in a way not without problems, since it leads to
non-local contributions that cannot be given a physical meaning in QFT. For completion, let us
mention the well-established theories of determinants for degenerate operators, for trace-class
operators in the Hilbert space, Fredholm operators, etc [24]

3.8. The Chowla—Selberg expansion formula: basic aspects
From Jacobi’s identity for the 6-function

o0
03(z,7) =1+ ZZq”2 cos(2nz), g:=¢e"", 1teC (22)

n=1

2 <
et /17'(1'93 <
T

with

b3(z,7) =

-1
—) , (23)

—1T T

or equivalently

o0 o0
22
Z e /z Z e” + cos(2mnz), z,t €C, Ret>0. (24)
! n=0

n=—0o
In higher dimensions the relevant expression is Poisson’s summation formula, profusely used
by Riemann in his original papers (for recent references see [25], namely

Y fay= )" fam. (25)
nezr meZr
with f being the Fourier transform of f. An important extension of this theory has consisted
in the introduction of fruncated sums since then neither of these fundamental identities is

directly applicable [26]. Useful results have been obtained also in these cases, which are very
important in physical applications, in terms of asymptotic series.

3.8.1. Extended CS formulae (ECS). Consider the zeta function (with Res > p/2, A >
0,Req > 0)

2 1 SN N - ’ N _
BICEDS [5<n+c>TA<n+c>+q} =Y 106G+ +q1 26)

nezr nez’
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where the prime indicates that the point 7 = 0 is to be excluded from the sum (an inescapable
condition when ¢; = --- = ¢, = ¢ = 0). We can write

Q@i+0)+q = Q@) +L(1n)+7. 27
3.8.2. Case q # 0(Req > 0). Then
(zn)p/qu/Zfs F(S _ p/z) 2&/2+p/4+2nsqfs/2+p/4

aq(s) = +
bt JdetA T'(s) Vet AT (s)
xS cos@ri - )i AT iy K o, (2 2gmT AT, (28)
f%er/z

an original expression that we have labeled as [ECS1]. After detailed inspection, it is easy to
see here that the pole at s = p/2 and its corresponding residue,

(27-[)17/2

L'(p/2)
are explicitly given in the formula, which has in all the following properties.

ReS;_p2 Lacg(s) = (det A)~'/2, (29)

(i) It yields the (analytical continuation of) multidimensional zeta function in terms of an
exponentially convergent multiseries, valid in the whole complex plane

(ii) It exhibits singularities (simple poles) of the meromorphic continuation—with the
corresponding residua—explicitly.

(iii) The only condition on the matrix, A, is that it must correspond to a (non negative) quadratic
form, Q. The vector ¢ is arbitrary, while ¢ is (to start) any non-negative constant.

(iv) K, is the modified Bessel function of the second kind and the subindex in Z{ /» means that
only half of the vectors m € ZP participate in the sum. e.g. if we take an index m € Z” we
must then exclude —, a simple criterion being as follows: one may select those vectors
in Z? \{6} whose first non-zero component is positive.

3.83. Casec; = --- =c, =q = 0. This case is a true extension of CS; we will here
consider the diagonal subcase only [27]

les P—1

N2 if2 g2 s — i —
G) jz:;(detA_,) [n all’; r<s 2);R(2s )

o0
:]5 Z n'i/z_s(%;Aylﬁ’lj)s/z_]M Kj/27s(2nn /apjr—;ltjAjlr—hj)jI ’
j

n=l ez

¢a,(s) =

+ 47'a

SN

(30)
an expression that truly extends the CS formula and we have labeled as [ECS3d] [27].

4. On zeta function regularization

4.1. Some considerations on zeta regularization

Regularization and renormalization procedures are essential issues in contemporary physics
[13]. Among the different methods, zeta function regularization—obtained by analytic
continuation in the complex plane of the zeta function of the relevant physical operator in
each case—is one of the most beautiful of all. Use of this procedure yields the vacuum energy
corresponding to a quantum physical system, with constraints of very different nature. The

8
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case of moving boundaries seems to present quite severe difficulties, though some promising
approach to deal with them has appeared [28]. Let the Hamiltonian operator, H, of our
quantum system to have a spectral decomposition of the form (think as the simplest case in a
quantum harmonic oscillator): {A;, ¢;}ics, with I being some set of indices (it can be discrete,
continuous, mixed or multiple). The quantum vacuum energy is obtained as follows [29]:

Ejw=Y (¢, (H/wei) = TreH/w= Y (i/m~| = up(=1), 31)

iel iel s=—1

where ¢4 is the zeta function corresponding to the operator A, and the equalities are in the
sense of analytic continuation (since, generically, the Hamiltonian operator will not be of the
trace class). Actually, this ¢-trace is no trace in the usual sense. It is highly nonlinear, as often
explained by the author [30]. Some colleagues are, however, unaware of this fact, which has
lead to very serious mistakes and erroneous conclusions in the literature.

The formal sum over the eigenvalues is usually ill defined and the last step involves analytic
continuation, inherent with the definition of the zeta function itself. Also, an unavoidable
renormalization parameter, i, with the dimensions of mass, appears in the process, in order to
render the eigenvalues of the resulting operator dimensionless, so that the corresponding zeta
function can actually be defined. For lack of space, we shall not discuss those basic details here,
which are at the starting point of the whole renormalization procedure. The mathematically
simple-looking relations above involve deep physical concepts, no wonder that understanding
them has taken several decades in the recent history of quantum field theory.

4.2. On the zero point energy and the Casimir force

In an ordinary QFT, one cannot give a meaning to the absolute value of the zero-point energy,
and any physically measurable effect comes as an energy difference between two situations,
such as a quantum field satisfying BCs on some surface as compared with the same in its
absence, or one in curved space as compared with the same field in flat space, etc. This
difference is the Casimir energy: Ec = EZ — Ej = %(tr HBC —tr H). But here a problem
appears. Imposing mathematical boundary conditions (BCs) on physical quantum fields turns
out to be a highly non-trivial issue. This was discussed in detail in a paper by Deutsch and
Candelas [31]. These authors quantized em and scalar fields in the region near an arbitrary
smooth boundary, and calculated the renormalized vacuum expectation value of the stress-
energy tensor, to find out that the energy density diverges as the boundary is approached.
Therefore, regularization and renormalization did not seem to cure the problem with infinities
in this case and an infinite physical energy was obtained if the mathematical BCs were to be
fulfilled. However, the authors argued that surfaces have non-zero depth, and its value could
be taken as a handy dimensional cutoff in order to regularize the infinities. Just two years after
Deutsch and Candelas’ work, Kurt Symanzik carried out a rigorous analysis of QFT in the
presence of boundaries [32]. Prescribing the value of the quantum field on a boundary means
using the Schrodinger representation, and Symanzik was able to show rigorously that such
representation exists to all orders in the perturbative expansion. He showed also that the field
operator being diagonalized in a smooth hypersurface differs from the usual renormalized one
by a factor that diverges logarithmically when the distance to the hypersurface goes to zero.
This requires a precise limiting procedure and point splitting to be applied. In any case, the
issue was proven by him to be perfectly meaningful within the domains of renormalized QFT.
In this case the BCs and the hypersurfaces themselves were treated at a pure mathematical
level (zero depth) by using Dirac delta functions.
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Not long ago, a new approach to the problem has been postulated [33]. BCs on a field, ¢,
are enforced on a surface, S, by introducing a scalar potential, o, of Gaussian shape living on
and near the surface. When the Gaussian becomes a delta function, the BCs (Dirichlet here)
are enforced: the delta-shaped potential kills all the modes of ¢ at the surface. For the rest, the
quantum system undergoes a full-fledged QFT renormalization, as in the case of Symanzik’s
approach. The results obtained confirm those of [31] in the several models studied albeit they
do not seem to agree with those of [32]. They seem to be also in contradiction with those
quoted in the usual textbooks and review articles dealing with the Casimir effect [34], where
no infinite energy density when approaching the Casimir plates has been reported. This has
been extended by the author using methods of Hadamard regularization, which seems to be a
new important development in this direction [35].

5. Quantum vacuum fluctuations, zeta regularization, and the cosmological constant

5.1. Vacuum energy fluctuations and the cosmological constant

The issue of the cc has got a renewed thrust from observational evidence of acceleration in
the expansion of our universe, initially reported by two different groups [36]. There was
some controversy on the reliability of the results obtained from those observations and on
their precise interpretation, but after new data were gathered, there is now consensus among
the community of cosmologists that, in fact, acceleration is there, and that it has the order of
magnitude obtained in the above- mentioned observations [37-39]. As a consequence, many
theoreticians have urged to try to explain this fact, and also to try to reproduce the precise
value of the cc coming from these observations [40—42].

As crudely stated by Weinberg [43], it is more difficult to explain why the cc is so small but
non-zero, than to build theoretical models where it exactly vanishes [44]. Rigorous calculations
performed in quantum field theory on the vacuum energy density, py, corresponding to
quantum fluctuations of the fields we observe in nature, lead to values that are many orders
of magnitude in excess of those allowed by observations of the spacetime around us. Energy
always gravitates [45], therefore the energy density of the vacuum, more precisely, the vacuum
expectation value of the stress-energy tensor (7},,) = —€g,,, appears on the rhs of Einstein’s
equations:

Ry, — %gle = _SﬂG(TMV — Equv)- 62

It affects cosmology: T}, contains excitations above the vacuum, and is equivalent to a cc
A = 8m GE. Recent observations yield [46]

Agps = (2.14 £0.13 x 107eV)* ~ 4.32 x 10 %erg/cm

It is an old idea that the cc gets contributions from zero point fluctuations [47]

h
Ey = ?C @, w = k> +m? /K2, k=2m/A. (33)

n

Evaluating in a box and putting a cutoff at maximum ky,,x corresponding to reliable QFT
physics (e.g. the Planck energy)

~ hkélanck
1672
Assuming one will be able to prove (in the future) that the ground value of the cc is zero

(as many suspected until recently), we will be left with this incremental value coming from the

topology or BCs. This sort of two-step approach to the cc is becoming more and more popular

o ~ 10" pgps. (34)
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recently as a way to try to solve this very difficult issue [48]. We have then to see, using
different examples, if this value acquires the correct order of magnitude —corresponding to
the one coming from the observed acceleration in the expansion of our universe— under some
reasonable conditions. We pursue a quite simple and primitive idea, related to the global
topology of the universe [49] and in connection with the possibility that a faint scalar field
pervading the universe could exist. Fields of this kind are ubiquitous in inflationary models,
quintessence theories, and the like. In other words, we do not pretend to solve the old problem
of the cc, not even to contribute significantly to its understanding, but just to present simple
and usual models which show that the right order of magnitude of (some contributions to) py
which lies in the precise range deduced from the astrophysical observations is not difficult to
get. In different words, we only address here the ’second stage’ of what has been termed by
Weinberg [43] the new cc problem.

5.2. Vacuum energy contribution in different models

5.2.1. Simple model with large and small compactified dimensions. We assume the existence
of a scalar field extending through the universe and calculate the contribution to the cc from
the Casimir energy density of this field, for some typical boundary conditions. Ultraviolet
contributions will be set to zero by some mechanism of a fundamental theory. We assume the
existence of both large and small dimensions (the total number of large spatial coordinates
being always three), some of which may be compactified, so that the global topology of
the universe may play an important role [49-53]. We know [29] that the range of orders of
magnitude of the vacuum energy density for common possibilities is not widespread (may only
differ by a couple of digits) and one can deal with two simple situations: a scalar field with
periodic BCs or spherically compactified [54, 55]). The contribution of the vacuum energy of a
small-mass scalar field, conformally coupled to gravity, and coming from the compactification
of some small (2 or 3) and some large (1 or 2) dimensions —with compactification radii of
the order of 10 to 1000 the Planck length in the first case and of the order of the present radius
of the universe, in the second— lead to values that compare well with observational data, in
the order of magnitude, but with the wrong sign.

5.2.2. Braneworld models. Animportant issue in all the previous analysis is the specific sign
of the resulting force. For scalar fields and the usual compactifications or BCs it is impossible
to get the right sign corresponding to the accelerated expansion of the universe. However, in
braneworld models and others involving supergravitons and fermion fields we have been able
to prove that the appropriate sign can be obtained under quite natural conditions.

Braneworld theories may hopefully solve both the hierarchy problem and the cc problem.
The bulk Casimir effect can play an important role in the construction (radion stabilization) of
braneworlds. We have calculated the bulk Casimir effect (effective potential) for conformal
and for massive scalar fields [56]. The bulk is a 5-dimensional AdS or dS space, with 2 (or
1) 4-dimensional dS branes (our universe). The results obtained are quite consistent with
observational data. A difficulty in this case, however, is the comparison of the vacuum energy
density obtained in five dimensions with the one corresponding to four dimensions. Even
more, six-dimensional models are in fashion now and problems of this kind pop up there too
[57].

5.2.3. Supergraviton theories. We have also computed the effective potential for some
multi-graviton models with supersymmetry [58]. In one case, the bulk is a flat manifold with
the torus topology R x T2, and it can be shown that the induced cc can be rendered positive

11
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due to topological contributions [59]. Previously, the case of R* had been considered. In the
multi-graviton model the induced cc can indeed be positive, but only if the number of massive
gravitons is sufficiently large, which is not easy to fit in a natural way. In the supersymmetric
case, however, the cc turns out to be positive just by imposing anti-periodic BC in the fermionic
sector. An essential issue in our model is to allow for non-nearest-neighbor couplings.

For the torus topology, we have got the topological contributions to the effective potential
to have always a fixed sign, which depends on the BC one imposes. They are negative for
periodic fields and positive for anti-periodic ones. But topology provides then a mechanism
which, in a natural way, permits to have a positive cc in the multi-supergravity model with
anti-periodic fermions. The value of the cc is regulated by the corresponding size of the torus.
We can most naturally use the minimum number, N = 3, of copies of bosons and fermions,
and show that—as in the first, much more simple example, but now with the right sign!—
within our model the observational values for the cc can be approximately matched, by making
quite reasonable adjustments of the parameters involved. As a byproduct, the results that we
have obtained [59] might also be relevant in the study of electroweak symmetry breaking in
models with similar type of couplings, for the deconstruction issue.

Acknowledgments

Based on work done in part in collaboration with G Cognola, S Nojiri, S D Odintsov and
S Zerbini. The financial support of DGICYT (Spain), project FIS2006-02842, and of AGAUR
(Generalitat de Catalunya), project 2007BE-1003 and contract 2005SGR-00790, is gratefully
acknowledged.

References

[1] Ayoub R 1974 Am. Math. Mon. 81 1067
[2] See http://www.secamlocal.ex.ac.uk/people/staff/mrwatkin/zeta/directoryofzetafunctions.htm
[3] Calderén A P and Zygmund A 1957 Am. J. Math. 79 801
Calderén A P and Zygmund A 1961 Stud. Math. 20 171
Calder6n A P and Vaillancourt R 1972 Proc. Natl Acad. Sci. USA 69 1185
[4] Atiyah M and Singer I M 1968 Ann. Math. 87 484 and 546
Atiyah M and Singer I M 1971 Ann. Math. 93 119 and 139
[5] Seeley R T 1967 Am. Math. Soc. Proc. Symp. Pure Math. 10 288
Seeley R T 1969 Am. J. Math. 91 889
[6] Fredenhagen K, Rehren K-H and Seiler E 2007 Quantum field theory: where we are An Assessment of Current
Paradigms in the Physics of Fundamental Phenomena Proc. 7th Int. Nat. Conf. on the History of General
Relativity, Einstein Studies Series (Berlin: Birkhduser Verlag) (Preprint hep-th/0603155)
Wald R M 2006 The history and present status of quantum field theory in curved spacetime Preprint
2r-qc/0608018
[7]1 Hormander L 1983-85 The Analysis of Partial Differential Operators vols I-IV (Berlin: Springer)
Treves F 1980 Introduction to Pseudodifferential and Fourier Integral Operators vols 1 and II (New York:
Plenum)
Taylor M E 1981 Pseudodifferential Operators (Princeton, NJ: Princeton University Press)
Lawson H and Michelsohn M L 1989 Spin Geometry (Princeton, NJ: Princeton University Press)
[8] Kontsevich M and Vishik S 1993 Functional Analysis on the Eve of the 21st Century 1 173
[9] Gilkey P B and Grubb G 1998 Comm. Part. Differ. Eq. 23 777
[10] Cognola G, Vanzo L and Zerbini S 1992 J. Math. Phys. 32 222
[11] Ray D B 1970 Adv. Math. 4 109
Ray D B and Singer IM 1971 Adv. Math. 7 145
Ray D B and Singer I M 1973 Ann. Math. 98 154
[12] Soulé C, Abramovich D, Burnol J F and Kramer J K 1992 Lectures on Arakelov Geometry (Cambridge:
Cambridge University Press)

12


http://dx.doi.org/10.2307/2319041
http://dx.doi.org/10.2307/2372436
http://dx.doi.org/10.1073/pnas.69.5.1185
http://dx.doi.org/10.2307/1970715
http://dx.doi.org/10.2307/1970756
http://dx.doi.org/10.2307/2373309
http://www.arxiv.org/abs/hep-th/0603155
http://www.arxiv.org/abs/gr-qc/0608018
http://dx.doi.org/10.1080/03605309808821365
http://dx.doi.org/10.1063/1.529948
http://dx.doi.org/10.1016/0001-8708(70)90018-6
http://dx.doi.org/10.1016/0001-8708(71)90045-4
http://dx.doi.org/10.2307/1970909

J. Phys. A: Math. Theor. 41 (2008) 304040 E Elizalde

[13]

(14]
[15]

[16]
[17]
[18]

[19]
(20]

(21]

[22]
(23]
[24]
[25]

[26]
[27]
(28]

(29]

[30]
(31]
[32]
(33]

(34]

(35]
[36]

[37]

Voros A 2003 Ann. Inst. Fourier, Grenoble 53 665

Voros A 2004 Ann. Inst. Fourier, Grenoble 54 1139 (erratum)

Collins J 1984 Renormalization: An Introduction to Renormalization, the Renormalization Group and the
Operator-Product Expansion (Cambridge: Cambridge University Press)

McComb W D 2004 Renormalization Methods: A Guide for Beginners (Oxford: Oxford University Press)

Connes A 1994 Noncommutative Geometry (New York: Academic)

Wodzicki M 1987 Noncommutative Residue (Lecture Notes in Mathematics vol 1289) ed Y I Manin (Berlin:
Springer) chapter I p 320

Elizalde E 1997 J. Phys. A: Math. Gen. 30 2735

Kassel C 1989 Asterisque 177 199 Sem. Bourbaki

Elizalde E, Vanzo L and Zerbini S 1998 Commun. Math. Phys. 194 613

Elizalde E, Filippi A, Vanzo L and Zerbini S 1998 Commun. Math. Phys. D 57 7430

Ramond P 1989 Field Theory: a Modern Primer (Redwood City: Addison-Wesley)

Evans N 1999 Phys. Lett. B 457 127

Dowker J S 1998 On the relevance on the multiplicative anomaly Preprint hep—th/9803200

Elizalde E, Filippi A, Vanzo L and Zerbini S 1998 Is the multiplicative anomaly dependent on the regularization?
Preprint hep—th/9804071

Elizalde E, Filippi A, Vanzo L and Zerbini S 1998 Is the multiplicative anomaly relevant? Preprint
hep—th/9804072

Elizalde E, Cognola G and Zerbini S 1998 Nucl. Phys. B 532 407

McKenzie-Smith J J and Toms D J 1998 Phys. Rev. D 58 105001

Bytsenko A A and Williams F L 1998 J. Math. Phys. 39 1075

Elizalde E 1998 Commun. Math. Phys. 198 83

Hardy G H 1949 Divergent Series (Oxford: Oxford University Press)

Kato T 1980 Perturbation Theory for Linear Operators (Berlin: Springer)

Gelbart S S and Miller S D 2003 Bull. Am. Math. Soc. 40 39

Iwaniec H 2006 Prime numbers and L-functions ICM, Plenary Lectures

Morgan J W 2006 Prime numbers and L-functions ICM, Plenary Lectures

Elizalde E 1995 Ten Physical Applications of Spectral Zeta Functions (Berlin: Springer)

Elizalde E 2001 J. Phys. A: Math. Gen. 34 3025

Haro J and Elizalde E 2006 Phys. Rev. Lett. 97 130401

Haro J and Elizalde E 2007 Phys. Rev. D 76 065001

Elizalde E, Odintsov S D, Romeo A, Bytsenko A A and Zerbini S 1994 Zeta Regularization Techniques with
Applications (Singapore: World Scientific)

Kirsten K 2001 Spectral Functions in Mathematics and Physics (London: Chapman & Hall)

Bordag M, Elizalde E and Kirsten K 1996 J. Math. Phys. 37 895

Bordag M, Elizalde E and Kirsten K 1998 J. Phys. A: Math. Gen. 31 1743

Bordag M, Elizalde E, Kirsten K and Leseduarte S 1997 Phys. Rev. D 56 4896

Elizalde E 2000 J. Comput. Appl. Math. 118 125

Elizalde E 1989 J. Phys. A: Math. Gen. 22 931

Elizalde E and Kirsten K 1994 J. Math. Phys. 35 1260

Elizalde E and Romeo A 1989 Phys. Rev. D 40 436

Elizalde E and Romeo A 1989 J. Math. Phys. 30 1133

Elizalde E 1999 J. High Energy Phys. JHEP07(1999)015

Deutsch D and Candelas P 1979 Phys. Rev. D 20 3063

Symanzik K 1981 Nucl. Phys. B 190 1

Jaffe R L 2003 Unnatural acts: unphysical consequences of imposing boundary conditions on quantum fields
Preprint hep-th/0307014

Graham N, Jaffe R L, Khemani V, Quandt M, Scandurra M and Weigel H 2003 Phys. Lett. B 572 196

Graham N, Jaffe R L, Khemani V, Quandt M, Scandurra M and Weigel H 2002 Nucl. Phys. B 645 49

Mostepanenko V M and Trunov N N 1997 The Casimir Effect and its Application (Oxford: Clarendon Press)

Milton K A 2001 The Casimir Effect: Physical Manifestations of Zero-Point Energy (Singapore: World
Scientific)

Bordag M, Mohideen U and Mostepanenko V M 2001 Phys. Rep. 353 1

Elizalde E 2003 J. Phys. A: Math. Gen. 36 L567

Perlmutter S et al (Supernova Cosmology Project Collaboration) 1999 Astrophys. J. 517 565

Riess A G et al (Hi-Z Supernova Team Collaboration) 1998 Astron. J. 116 1009

Riess A G 2000 Publ. Astron. Soc. Pac. 112 1284


http://dx.doi.org/10.1088/0305-4470/30/8/019
http://dx.doi.org/10.1007/s002200050371
http://dx.doi.org/10.1016/S0370-2693(99)00503-1
http://www.arxiv.org/abs/hep--th/9803200
http://www.arxiv.org/abs/hep--th/9804071
http://www.arxiv.org/abs/hep--th/9804072
http://dx.doi.org/10.1016/S0550-3213(98)00442-8
http://dx.doi.org/10.1103/PhysRevD.58.105001
http://dx.doi.org/10.1063/1.532371
http://dx.doi.org/10.1007/s002200050472
http://dx.doi.org/10.1090/S0273-0979-02-00963-1
http://dx.doi.org/10.1088/0305-4470/34/14/309
http://dx.doi.org/10.1103/PhysRevLett.97.130401
http://dx.doi.org/10.1088/1126-6708/1999/07/015
http://dx.doi.org/10.1103/PhysRevD.20.3063
http://dx.doi.org/10.1016/0550-3213(81)90482-X
http://www.arxiv.org/abs/hep-th/0307014
http://dx.doi.org/10.1016/j.physletb.2003.03.003
http://dx.doi.org/10.1016/S0550-3213(02)00823-4
http://dx.doi.org/10.1016/S0370-1573(01)00015-1
http://dx.doi.org/10.1088/0305-4470/36/45/L01
http://dx.doi.org/10.1086/307221
http://dx.doi.org/10.1086/300499
http://dx.doi.org/10.1086/316624

J. Phys. A: Math. Theor. 41 (2008) 304040 E Elizalde

[38]
(39]

(40]
[41]
(42]

[43]
(44]

[45]

[46]

(471

(48]

[49]
[50]
[51]
[52]
(53]
[54]
[55]
[56]

[57]
[58]

(591

14

Carroll S M 2001 Living Rev. Rel. 4 1

Carroll S M 2003 Why is the Universe Accelerating?, Contribution to Measuring and Modeling the Universe
(Carnegie Observatories Astrophysics Series vol 2) ed W L Freedman Preprint astro-ph/0310342

Sahni V and Starobinsky A 2000 Int. J. Mod. Phys. D 9 373

Shapiro I L and Sola J 2000 Phys. Lett. B 475 236

Mongan T R 2001 Gen. Relativ. Gravit. 33 1415

Weinberg S 2000 Phys. Rev. D 61 103505

Weinberg S 1989 Rev. Mod. Phys. 61 1

Fischler W, Klebanov I, Polchinski J and Susskind L 1989 Nucl. Phys. B 237 157

Coleman S 1988 Nucl. Phys. B 310 643

Coleman S 1988 Nucl. Phys. B 307 867

Weinberg S 1987 Phys. Rev. Lett. 59 2607

Baum E 1984 Phys. Lett. B 133 185

Hawking S W 1995 Shelter Island II—Proc. of the 1983 Shelter Island Conf. on Quantum Field Theory and the
Fundamental Problems of Physics ed R Jackiw et al (Cambridge: MIT Press)

Hawking S W 1984 Phys. Lett. B 134 403

Fulling S A et al 2007 How does casimir energy fall? Preprint hep-th/0702091

Bimonte G, Calloni E, Esposito G and Rosa L 2007 Preprint hep-th/0703062

Tegmark M et al (SDSS Collaboration) 2004 Phys. Rev. D 69 103501

Eisenstein D J et al 2005 Astrophys. J. 633 560

Adelman-McCarthy J K et al 2006 Astrophys. J. Suppl. 162 38

Zeldovich Ya B 1968 Sov. Phys. Usp. 11 382

Zeldovich Ya B 1968 Usp. Fiz. Nauk 95 209

Burgess C P et al 2006 Preprint hep-th/0606020, 0510123

Padmanabhan T 2006 Int. J. Mod. Phys. D 15 1659

Parker L and Raval A 2000 Phys. Rev. D 62 083503

Parker L and Raval A 2001 Phys. Rev. Lett. 86 749

Blanloeil V and Roukema B F (ed) 1998 Cosmological Topology in Paris Preprint astro-ph/0010170 See also
the entire Vol. 15 of Classical and Quantum Gravity (1998)

Sokolov I Yu 1993 JETP Lett. 57 617

Cornish N J, Spergel D and Starkman G 1998 Class. Quantum Grav. 15 2657

Cornish N J, Spergel D and Starkman G 1996 Phys. Rev. Lett. 77 215

Miiller D, Fagundes H V and Opher R 2001 Phys. Rev. D 63 123508

Elizalde E 1994 J. Math. Phys. 35 6100

Elizalde E 1994 J. Math. Phys. 35 3308

Banks T, Dine M and Nelson A E 1999 J. High Energy Phys. JHEP06(1999)014

Elizalde E 1989 Nuovo Cimento 104B 685

Elizalde E 2006 J. Phys. A: Math. Gen. 39 6299

Elizalde E, Nojiri S, Odintsov S D and Ogushi S 2003 Phys. Rev. D 67 063515

Elizalde E, Nojiri S and Odintsov S D 2004 Phys. Rev. D 70 043539

Elizalde E, Minamitsuji M and Naylor W 2007 Phys. Rev. D 75 064032

Boulanger N, Damour T, Gualtieri L and Henneaux M 2001 Nucl. Phys. B 597 127

Sugamoto A 2003 Grav. Cosmol. 9 91

Arkani-Hamed N, Cohen A G and Georgi H 2001 Phys. Rev. Lett. 86 4757

Arkani-Hamed N, Georgi H and Schwartz M D 2003 Ann. Phys. (NY) 305 96

Kan N and Shiraishi K 2003 Class. Quantum Grav. 20 4965

Cognola G, Elizalde E and Zerbini S 2005 Phys. Lett. B 624 70

Cognola G, Elizalde E, Nojiri S, Odintsov S D and Zerbini S 2004 Mod. Phys. Lett. A 19 1435


http://dx.doi.org/10.1016/S0370-2693(00)00090-3
http://dx.doi.org/10.1023/A:1012065826750
http://dx.doi.org/10.1103/PhysRevD.61.103505
http://dx.doi.org/10.1103/RevModPhys.61.1
http://dx.doi.org/10.1016/0550-3213(89)90290-3
http://dx.doi.org/10.1016/0550-3213(88)90097-1
http://dx.doi.org/10.1016/0550-3213(88)90110-1
http://dx.doi.org/10.1103/PhysRevLett.59.2607
http://dx.doi.org/10.1016/0370-2693(84)91370-4
http://www.arxiv.org/abs/hep-th/0702091
http://www.arxiv.org/abs/hep-th/0703062
http://dx.doi.org/10.1103/PhysRevD.69.103501
http://dx.doi.org/10.1086/466512
http://dx.doi.org/10.1086/497917
http://www.arxiv.org/abs/hep-th/0606020, ignorespaces 0510123
http://dx.doi.org/10.1142/S0218271806009029
http://dx.doi.org/10.1103/PhysRevD.62.083503
http://dx.doi.org/10.1103/PhysRevLett.86.749
http://www.arxiv.org/abs/astro-ph/0010170
http://dx.doi.org/10.1088/0264-9381/15/9/013
http://dx.doi.org/10.1103/PhysRevLett.77.215
http://dx.doi.org/10.1103/PhysRevD.63.123508
http://dx.doi.org/10.1063/1.530731
http://dx.doi.org/10.1063/1.530469
http://dx.doi.org/10.1088/1126-6708/1999/06/014
http://dx.doi.org/10.1088/0305-4470/39/21/S21
http://dx.doi.org/10.1103/PhysRevD.67.063515
http://dx.doi.org/10.1103/PhysRevD.70.043539
http://dx.doi.org/10.1103/PhysRevD.75.064032
http://dx.doi.org/10.1016/S0550-3213(00)00718-5
http://dx.doi.org/10.1103/PhysRevLett.86.4757
http://dx.doi.org/10.1088/0264-9381/20/23/001
http://dx.doi.org/10.1016/j.physletb.2005.07.061
http://dx.doi.org/10.1142/S0217732304014148

	1. Introduction
	2. Euler and the zeta function
	3. The zeta function of a pseudodifferential operator
	3.1. Definition of the zeta function
	3.2. DOs on boundaryless manifolds
	3.3. The zeta determinant
	3.4. The Wodzicki residue
	3.5. Singularities of
	3.6. The multiplicative anomaly and its implications
	3.7. On determinants
	3.8. The Chowla--Selberg expansion formula: basic aspects

	4. On zeta function regularization
	4.1. Some considerations on zeta regularization
	4.2. On the zero point energy and the Casimir force

	5. Quantum vacuum fluctuations, zeta regularization, and the cosmological constant
	5.1. Vacuum energy fluctuations and the cosmological constant
	5.2. Vacuum energy contribution in different models

	Acknowledgments
	References

